ABSTRACT The uncertainties of the predicted load demand and N-K contingencies are very significant aspects to composite generation and transmission expansion planning (CGTEP). In this paper, multi-contingency constrained CGTEP with load uncertainty was analyzed from stringent mathematical view and formulated as a tri-level optimization model. To effectively solve the tri-level optimization, the entire problem is formulated as two problems using Benders' decomposition: 1) master problem with expansion planning and 2) the sub-problem with the worst case load shedding. The sub-problem is a bi-level optimization problem which can be solved mathematically using strong duality theory and linearization method. CGTEP with the tri-level optimization can endure the disturbances of interval load and N-K contingencies. A benchmark test system is simulated to validate the effectiveness of the proposed approach. Furthermore, for Bender's decomposition with many sub-problems of worst load shedding, the numerically comparable results of a special case demonstrate that all sub-problems of composite contingencies must be validated at each iteration even if certain contingency meets the standard of load shedding at the previous iteration.
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Vector of phase angle under load block s e 1 , e 2 Vector of binary variable of contingency of existing, candidate branch. The element takes 1 if contingency and 0 otherwise e 3 , e 4 Vector of binary variable of contingency of existing, candidate generator. Generation expansion planning (GEP) and Transmission expansion planning (TEP) aim to conceive the adequate units and lines or transformers, which can effectively supply the load demand over the planning horizon [1] , [2] .
To integrate GEP and TEP, this paper investigated composite generation and transmission expansion planning (CGTEP). From the perspective of power system planner, CGTEP should minimize the total cost, which includes the investment and operation cost. Moreover, it can endure certain disturbances or unexpected events from some real aspects. In these disturbances, the uncertainty in the forecasted load demand over planning horizon needs to be considered. Furthermore, the deterministic security standards are widely used in the practical power system. Take the grid of East China, for example, the power system must endure one component loss at all time (N-1), and two component losses at the time of less than 80% of the peak load demand (N-2). This paper focuses on two kinds of disturbances: (i) the uncertainties in the predicted load demand and (ii) N-K contingency from the point of view of CGTEP. Mathematical programming has been widely applied to TEP and GEP. [3] summarizes the mathematical model of TEP based on the DC power flow and proposes a mixed integer linear programming (MILP) of TEP using the disjunctive and big M method. Because of the advantage of global optimization and strict mathematical analysis, many researchers intended to study GEP and TEP problems using mathematical methodology. With the rapid development of MILP solver software in the recent years, we can concentrate on the high-level model about GEP and TEP. In this paper, we attempted to integrate the uncertainties in load demand and N-K contingency together into the model of CGTEP by mathematical analysis. The aims of this paper are as follows: (i) to establish the model of CGTEP, which ensures the robustness of power system against the uncertainties in the predicted load demand and N-K contingency together, and (ii) to solve CGTEP with the uncertainties in the predicted load demand and N-K contingency together using rigorous mathematical methodology.
B. LITERATURE REVIEW AND CONTRIBUTIONS
Conventionally, GEP and TEP have been studied independently. Reference [4] explained the necessity of coordinated generation and transmission expansion planning. Reference [5] reported the reliability constrained CGTEP with mixed integer programming. In order to investigate CGTEP in power market environment, reference [6] presented a three level optimization model for CGTEP which is transformed into a mixed integer linear programming by mathematical analysis. The uncertainties in future load demand and N-K contingency are ignored for CGTEP in power markets. In this paper, we proposed a composite generation and transmission expansion planning considering the uncertainties in load demand and N-K contingency (CGTEPULC) by stringent mathematical analysis.
The uncertainty in load demand about TEP has received much attention [7] - [10] . TEP with uncertainty in load demand can be classified as a stochastic programming problem based on probability distribution [10] , [11] and robust programming problem based on interval number [7] , [9] . Stochastic TEP is usually based on the valid probability distribution [10] , but sometimes these probability distributions are very difficult to acquire. Reference [7] studied the minimum load shedding problem with interval load and solved the TEP using the meta-heuristic algorithm. In [8] , AC power flow and the uncertainty in intermittent energy generation were considered, and its model solution was also addressed using the meta-heuristic algorithm. Reference [9] proposed a mathematical solution for robust TEP, referring to [12] . The method used for solving the robust unit commitment in [12] was applied to address CGTEP with interval load in this paper.
Though N-K contingency analysis is widely used in the real power system, e.g. the well-known N-1 and N-2 problems, which in expansion planning are usually solved using either exhaustive method [13] or special heuristic method [14] . There was some literature about the mathematic analysis of N-K contingency. Reference [15] proposed a bi-level mathematical model for N-K contingency analysis and addressed the N-K contingency constrained unit commitment. Reference [16] addressed the contingency constrained TEP using the same method. In this paper, we integrated the GEP and uncertainty in future load demand together into a contingency constrained CGTEP. Reference [17] used the metrics of expected energy not supplied (EENS) and Bender's decomposition method to propose the reliable constrained power system planning. EENS is a non-linear probability metrics. Thus, the mathematical solution of EENS constrained power system planning is usually local optimization. In this paper, we used certain N-K constraints which are widely applied to the practical power system. The N-K constraints include the composite N-K contingencies and an interval load. To the best of our knowledge, CGTEP with intrinsic uncertainties in load demand, generation units, and transmission lines together is a novel expansion planning model, where the uncertainties of units and lines refer to the N-K contingency of units and lines of existence and expansion.
The solution methods for GEP and TEP can be categorized into mathematical optimization methods and meta-heuristic optimization methods [1] . Reference [18] proposed a novel Modified Gases Brownian Motion Optimization (MGBMO) for TEP, and reference [19] used G-best Artificial Bee Colony Optimization (GABC) for TEP considering the wind uncertainty, plug-in-electric vehicles, and demand response. The optimal solution for mathematical methods is usually more accurate than that of the meta-heuristic methods. In this paper, the mathematical optimization method based on Benders' decomposition is used for finding CGTEPULC model solution. Benders' decomposition can address the optimization problem including complicating variables through iteration of the master problem and sub-problem. If the decision variables of the master problem are fixed, then the sub-problem can be easily solved, and the master problem can also be addressed while adding the cutting plane constraint, the decomposition problem is easier to solve than the original problem [20] . Hence, the Benders' decomposition method is wildly applied in the expansion planning [21] . When fixing the expansion variables, the sub-problem of expansion planning is an operational problem, which is easier to solve than the expansion planning. To speed up the convergence, the primal constraint can be added to the master problem. In this paper, Benders' decomposition method makes the CGTEPULC model more stringent, guaranteeing the optimality of model solution.
The main contributions of the paper are twofold: 1) Integrating load demand uncertainty and N-K contingency together into CGTEP, which make the expansion planning more robust; 2) Solving the CGTEPULC model with trilevel optimization using mathematical analysis and Benders' decomposition. Further, the composite N-K contingencies with interval load were studied for a master problem with many sub-problems of worst load shedding. The numerical results of a special case illustrated that all sub-problems need to be validated at each iteration even if certain N-K contingency meets the load shedding standards at last iteration.
C. PAPER ORGANIZATION
The rest of this paper is organized as follows. Section II describes the multi-scenario CGTEP model with MILP, analyze the impact of future demand uncertainty and N-K contingencies on CGTEP, and proposes a CGTEPULC model with the tri-level optimization problem. In section III, the stringent mathematical analysis is presented to solve the CGTEPULC model by Benders' decomposition theory. Section IV presents numerical results and discussions for IEEE RTS-24 bus system. Finally, we conclude the paper in section V.
II. MODEL AND PROBLEM FORMULATION
Here, we first formulate the ordinary CGTEP under each load block or scenario using disjunctive model [3] . Secondly, the uncertainties in load and N-K contingency are analyzed together using bi-level max-min load-shedding model. Finally, we introduce the tri-level optimization model of CGTEPULC.
A. MODEL OF MULTI-SCENARIO CGTEP
To concentrate on the CGTEP, a single-period static model is considered. An MILP of multi-scenario CGTEP is formulated as follows (s indicates load scenario):
VOLUME 5, 2017 (4) and (5) are about DC power flow equations and capacity limits of existing branches respectively, constraints (6) and (7) are those of candidate branches. The power flow model of this paper for CGTEP is DC power flow, equations (4) and (6) guarantee that the existing and candidate branches satisfy the DC power-angle relation. The big number M in (6) makes it linear [3] . The big number M of each branch is 1.2 times the susceptance of the branch because the maximum voltage angle difference of branch is less than 1.2 rad [6] . Constraints (8) and (9) guarantee that the power production of existing and candidate units lie within zero and its capacity. The total capacity of generation unit satisfies the reserve margin R on the peak demand, as shown in (10) . Energy production of each generation unit is bounded by constraints (11), where E i is equal to the product of maximum annual utilization hours (MUH) and unit capacity, or calculated by the unit capacity factor [22] .
B. LOAD UNCERTAINTY AND N-K CONTINGENCY CONSTRAINTS
The impacts of interval load and N-K contingency constraints on CGTEP can be evaluated together using load curtailment problem [23] . The power system can endure the disturbances of load uncertainty and N-K contingency when its load curtailment is zero or less than the regulatory value under load uncertainty and N-K contingency. The analysis proposed in this paper is based on the DC power flow which is enough for long term expansion planning. The effect of AC power flow, dynamic stability, and so on, is beyond the scope of the paper. The constraints of composite interval load and N-K contingency are formulated as follows:
element of e 1 , e 2 , e 3 , e 4 ∈ {0, 1} (13)
∃ :
Where e 1 and e 2 are the binary contingency variables of existing and candidate branches e 3 and e 4 are ones of the existing and candidate units. The constraint (15) is security regulatory standard. N-0 represents the disturbance with an interval load alone. If N-2 regulatory standard allows a curtailment of 2% of peak load, the value of κ 2 is 0.02. Note that the variables following colon are the corresponding dual variables of constraints (16)- (23) of minimum load shedding problem which will be used in section 3. Constraints (16) and (23) contain r which is a vector variable of load curtailment. Constraints (17)- (22) are same as the corresponding constraints of CGTEP. To focus on the N-K contingency and interval load, the limits of generation scheduling after contingency are assumed to be the output bound of generation units as equations (21) and (22) . The physical meaning of constraints (12)- (23) is that under arbitrary load demand and contingency of (12)- (14), load shedding must be less than or equal to the regulatory value of (15) by re-dispatch of (16)-(23). If the terms n l and n g about expansion planning are known, the variables of (12)-(23) can be classified into two types: (i) the uncertain parametric variables = {d, e 1 , e 2 , e 3 , e 4 } and (ii) the operation decision variables 3 
The operation variables should minimize the load shedding when the uncertain variables are known. If the minimum load shedding under arbitrary uncertain variables is less than or equal to the regulatory value, the regulatory standard must be satisfied. So the uncertain variables should maximize the load shedding. The equivalent constraints of (12)- (14) and (16)- (23) are as follows ( 2 = {d, e 1 , e 2 , e 3 , e 4 , 3 }) :
When the terms n l and n g are known, (24) and (25) are a bilevel mixed integer linear programming (BMILP) [24] . The mathematical model of CGTEP with load uncertainty and contingency constraints is formulated by (1)- (11), (15), (24) and (25) , which is a tri-level optimization problem [12] , [25] .
III. SOLUTION ALGORITHM
The tri-level model of CGTEPULC can be globally optimized using primal and dual Benders' decomposition [15] , [25] . The variables and constraints of tri-level optimization of CGTEPULC model possess obvious decomposition structure which is presented in Fig. 1 . The investment decision in Fig. 1 is also a master problem which is indicated by IDP ( 1 ). The sub-problem is a BMILP, from the view of power system, called the worst load shedding problem, which is represented by WLS ( 2 ). The third level optimization in the sub-problem is a minimum load shedding problem, which is denoted by MLS ( 3 ). IDP transfers expansion decision variables n l and n g to WLS. The infeasibility Bender's cut from WLS will add to the constraints of IDP when the security standard is not satisfied. Each security standard corresponds to a sub-problem and a related infeasibility Bender's cut, e.g. N-0 (load uncertainty, κ 0 = 0), N − 1 (κ 1 = 0) and N − 2 (κ 2 = 0.03) mean that the number of sub-problems is three, and generally 0 ≤ κ 0 ≤ κ 1 ≤ κ 2 ≤ 1. Multi-security standard constrained expansion planning means composite contingencies and multiple sub-problems with many WLSs. The iteration between IDP and WLS is a classical Benders' decomposition algorithm, but the sub-problem brings some trouble due to its bi-level optimization model. For a fixed n l and n g , WLS of the sub-problem delivers uncertainty parametric variables d, e 1 , e 2 , e 3 and e 4 to MLS which will feed back the load shedding variable r. The solution of the subproblem and the valid infeasibility Benders' cut are the key to the CGTEPULC model solution. Here, we first introduce the solution method of sub-problem similar to [24] , then analyze the master problem and infeasibility Benders' cut.
A. SUB-PROBLEM
The worst load shedding problem is formulated as a BMILP in (24) and (25), the sub-problem can be translated into a single level mixed integer nonlinear programming by KKT conditions or strong duality theory [26] and finally becomes an MILP by mathematic linearization.
1) SINGLE LEVEL MODEL OF SUB-PROBLEM
The objective function of MLS is same as one of the WLS, so the sub-problem is also a max-min problem from the mathematical view. General BMILP can be translated into a single level optimization by strong duality theory which is more preferred than KKT conditions [26] . The max-min mixed integer linear programming is a special case of BMILP. The primal-dual transformation can translate directly maxmin MILP into a single level programming. The constraints of the upper-level optimization in WLS do not include the variable from the lower level optimization, so the max-min MILP of WLS is transformed into a single level programming with only dual feasibility constraints of the lower level model and primal feasibility constraints of the upper lever model.
To translate the max-min problem into a single optimization problem, MLS is replaced by its dual optimization problem. The dual problem of MLS is formulated as follows: 2) LINEARIZATION OF SUB-PROBLEM NSWLS problem becomes a mixed integer nonlinear programming problem after fixing the expansion planning variables, and the nonlinearity is only from (26) . Obverse that the nonlinear terms in (26) are classified into two types: (i) the product of binary variable from uncertain parametric variables e 1 , e 2 , e 3 , e 4 and dual variables of MLS; (ii) the product of uncertain parametric variables d and dual variables. By adding auxiliary variables and constraints, the first type of nonlinearity elements in (26) is linearized as follows:
Constraints (38)- (43) can guarantee e 1 · β 1 = ξ 1 , e 2 · β 2 = ξ 2 , e 1 · γ 1 = ξ 3 , e 2 · γ 2 = ξ 4 , e 3 · λ 1 = ξ 5 , and e 4 · λ 2 = ξ 6 . β 1 , β 2 , γ 1 , γ 2 , λ 1 , and λ 2 is less than or equal to zero from (33)-(37). If the big number for linearization is too large, the convergence speed of MILP will be slow. On the other hand, if the big number is too small, the optimality of solution will be affected. Here, their lower bound is selected as -20 which suffices the numerical cases of section IV.
The second type of nonlinearity element in (26) is the bilinear term d · (α + µ). Reference [12] used an outer approximation algorithm to solve the bilinear problem. Here, the discrete method is employed because of the particular structure of optimization model. The constraints of NSWLS do not include the term associated with d except for interval load constraint (12) . Hence, the interval load is set to upper bound when the corresponding element of α + µ is positive, and lower bound when the element is negative. Reference [7] also proved that the interval load is either upper or lower bound when the maximum load shedding is occurring. As stated above, the optimal solution of NSWLS will be on the extreme points of interval load. Hence, the bilinear term can be linearized as follows:
Constraints (46) and (47) make e 5 · δ = ξ 7 . Substituting ξ i (i = 1, 2, . . . 7) for these nonlinear terms in (26), the formulation (48) is deduced.
When fixing n l and n g from the master problem, the equation (48) is linear. All auxiliary decision variables (δ, e 5 , ξ i (i = 1, 2, . . . 7), γ 1 , γ 2 , β 1 and β 2 ), uncertain parametric variables = {d, e 1 , e 2 , e 3 , e 4 } and dual decision variables 4 comprise the decision variables set 5 . After linearizing NSWLS problem, the optimization problem max 5 (48) | (13) , (14) , (27) − (47) is obtained, which is indicated by LSWLS ( 5 ). The LSWLS is an MILP solved by the branch-bound algorithm. Therefore, an ordinary optimization software can address the sub-problem of Benders' decomposition.
B. MASTER PROBLEM
As shown in Fig. 1 , the infeasibility Benders' cuts from subproblem are added to the constraints of IDP at each iteration. Note that the constraints (27)-(33) of sub-problem are not associated with the expansion decision and uncertain parametric variables, and they are linear, so the optimal solution is the extreme point of polyhedron constraints (27)-(33). Overall uncertain parametric variables, the load shedding or objective function of LSWLS is maximum, so equation (26) fixing the uncertain parametric variables from LSWLS and the dual decision variables 4 from DMLS is a valid linear infeasibility Benders' cut. Reference [12] proved the similar problem. At j th iteration, a valid infeasibility Benders' cut is as follows:
Adding constraint (49) to (1)- (11), the optimization problem min 1 (1) |(2) − (11) , (49) is the master problem, which is also IDP.
C. ALGORITHM PROCEDURE
As analyzed above, the master problem and sub-problem are MILP, and the algorithm based on Benders' decomposition can converge to a global optimal solution. The detailed procedure presented in Fig. 1 is described To speed up the convergence, we can add primal constraints (15)- (23) to the IDP at each iteration, = {d, e 1 , e 2 , e 3 , e 4 } which is from sub-problem. The iteration times are compared in Section IV to demonstrate the performance. Note that in expansion planning with composite contingencies, all sub-problems need to be validated at each iteration even if certain contingency meets the security standard at last iteration. The numerical results in Section IV demonstrate the effectiveness of the proposed algorithm.
IV. NUMERICAL STUDIES
The objectives of this section are twofold: (i) to highlight the impact of interval load and N-K contingency on CGTEP considering an IEEE RTS 24-bus system, which is used widely as a benchmark; (ii) to demonstrate the effectiveness and feasibility of the proposed algorithm, especially composite contingency problem. Numerical studies of a benchmark IEEE RTS 24-bus system have been implemented on a PC with 2.50GHz CPU and 4GB RAM using MATLABR2013a as program platform, YALMIP20150918 as the optimization model language [27] and GUROBI6.5 as optimization solver [28] .
A. DATA IEEE RTS 24-bus system consists of 38 branches, 32 generation units, and 17 load buses [29] . Some units are clustered as its capacity too small. Here, 5 × 12 MW units at bus 15 are combined with a 60 MW unit and 6 × 50 MW units at bus 22 to 3 × 100 MW units, so the number of generation unit is 25. MUH of the coal-fuel, nuclear power, and hydropower units is 6000, 8000 and 4000 hours respectively. MUH of the oil-fuel unit less than 100 MW is 5500 hours, and the others are 6000 hours. The operation cost of existing hydro-units is 6 $/MWh, that of other existing units is from [29] as heat rate of output 100% and corresponding fuel price. The peak demand of system is 2850 MW. For any other details, one can refer to [29] . To expand the power system, we assume that the predicted peak load is 1.5 times of the original peak load, the mid load block is original peak load, the base load block is half of it, and their operation durations are 2000, 4760 and 2000 hours respectively. The paper concentrates on uncertainty and N-K contingency, so only three load blocks are considered here. The presented analysis can be extended to any number of load blocks as they do not have any effect on the application of CGTEP model. Candidate branches (or units) with the same capacity and location of original branches (or units) are allowed to install. The cost data of candidate units and lines are presented in Table 1 , note that IC denotes the investment cost per year which is discounted by year and OC is the operation cost. MUH of type 1 and 2 of candidate units are 6500 and 6000 hours respectively. Candidate units located at 230 kV region are all type 1 units and the ones at 138 kV region are type 2. The system capacity reserve coefficient is 15%. Set IC of candidate transformers is 2000 k$.
In all simulations, the interval load is assumed to change between 95% and 105% of the peak load, and N-1, N-2 and N-3 contingency are studied. The system capacity reserve coefficient considering upper bound of interval load is 20%. The total peak load for the base year is 2850 MW and that of the planned year is 4275 MW. The total generation capacity of base year is 3405 MW, the capacity reserve is 19.5%.
B. IMPACT OF INTERVAL LOAD AND N-K CONTINGENCY WITHOUT EXPANSION PLANNING
The subsection examines the worst load shedding, as is also a sub-problem in section III, LSWLS ( 5 ). Three cases are studied, and each case has four tests. Here, N-0 means only the interval load; N-1 means the interval load and one element loss of contingency; N-2 means the interval load and two elements loss of contingency; and N-3 means the interval load and three elements loss of contingency. Three cases are: (i) base year with original peak load of 2850 MW (BY), (ii) planned year with predicted peak load of 4275 MW (PY) and (iii) planned year with all candidate elements installed. The computational results of BY and PY case are presented in Table 2 , based on the existing branches and units without any expansion planning. In Table 2 , the column of WLS presents the value of the worst load shedding, the column of contingency provides the special element loss during the worst load shedding and the column of time refers to the computational time of LSWLS ( 5 ). In the column of the contingency of Table 2 , the values in parentheses denote bus number, e.g. 400(18) denotes a 400 MW unit loss at bus 18. Note that the contingency elements of BY and PY are only large-capacity generation units, as it demonstrates unit contingency has more effect on the worst load shedding than that of the branch in the case of BY and PY. N-0 and N-1 worst load shedding of BY are zero, so the original power system can endure the disturbances of uncertain load and N-1 contingency. However, N-2 and N-3 worst load shedding of original system are 387.5 and 737.5 MW respectively.
Since the load demand has increased by 1.5 times in PY case, the original power system based on the existing branches and units do not satisfy N-0 and N-1 safe standard, the worst load shedding of which are 1083.75 and 1583.75 MW respectively. Thus, the original power system needs to be expanded. Note that in the case of PY the elements of N-2 and N-3 worst contingency are same as the ones in BY case. These results show that the transmission ability of IEEE RTS 24-bus system is adequate than its generation capacity, and the results of expansion planning in next subsection also validate the conclusion that more generation units are expanded than branches or lines. In order to verify the adequacy of candidate branches and units, the third case assuming all candidate elements installed, is simulated by LSWLS ( 5 ). The computational results are presented in Table 3 . The worst load shedding of only N-3 uncertainty is more than zero, where about 39.2 MW of load demand at bus 6 is curtailed when two 2-6 and one 6-10 line are lost. In the third case, the contingency elements are only transmission lines when the worst load shedding occurred. 
C. EXPANSION PLANNING RESULTS
Eight expansion planning cases are studied as shown in Table 4 , namely 'Base', 'N-0', 'N-1', 'N-2(3%)', 'N-2(0%)', 'N-3(6%)', 'All 1', and 'All 2' in the first column of Table 4 . 'Base' means the CGTEP without load uncertainties and contingency; 'N-0': CGTEP only with uncertain load; 'N-1': CGTEP with uncertainties in load and one element loss; 'N-2(3%)': CGTEP with uncertainties in load and two element loss (κ 2 =0.03), where the value of the worst load shedding of N-2 should be less than or equal to 3% of the predicted peak load (128.25MW = 3% × 4275MW); The 'N-2(0%)' and 'N-3(6%: 256.5MW)' cases are similar to the previous one. For composite uncertainties in load and multi-type contingency, 'All 1' is CGTEP with N-1, N-2(3%), and N-3(6%). 'All 2' is CGTEP with N-2(0%), and N-3(6%). The second column of Table 4 provides the total cost (TC) of expansion planning, and the third column is the number of expansion unit. The fourth column presents the detail expansion lines and its total number.
The total cost of CGTEP without the uncertainties in load and contingency is the least. In 'Base' case, only units need to be expanded due to the adequacy of the existing transmission network. The expansion planning of 'N-0' is the same as that of 'N-1' due to the same reason, but the consumption time of 'N-1' is more than that of 'N-0' because of N-1 contingency verified by sub-problem. The line 6-10 which appears in Table 3 is installed in all expansion planning cases. These results demonstrate corridor 6-10 is one of the weak regions in the original power system. From the observation of Table 4 , the expansion planning of 'N-2(3%)' also meets N-1 security standard. From 'N-1' to 'N-2(0%)', the total cost increases by 81.88 M$. The expansion results of 'N-3(6%)' are the same as 'All 1', so it also satisfies N-1 and N-2(3%) safe standards, but it does not meet N-2(0%) safe standard. The regulatory values of uncertainties in load and N-2 contingency of 'All 1' and 'All 2' are different. 'All 2' can endure the disturbances of interval load and arbitrary two elements loss. From 'All 1' to 'All 2', the total cost increases by 3.98 M$.
Specially speaking, line 2-6, 4-9 and 20-23 are installed in 'All 2' compared to 'All 1' for N-2(0%) contingency security. The dotted lines in Fig. 2 are the expansion lines of 'All 2' case. Note that the difference of expansion units in all cases is tiny due to adequate reserve constraint of generation capacity. In the computational process, the number of iteration of 'N-0' and 'N-1' is only one. However, the number of iterations for 'N-2(3%)', 'N-2(0%)' and 'N-3(6%)' are five, ten and twenty-one respectively when they converge. The change of total cost and worst load shedding of each iteration of 'N-2(3%)', 'N-2(0%)' and 'N-3(6%)' cases are illustrated in Fig. 3, 4 and 5. The total cost will increase or not decrease as the iterations progress because of the addition of constraints from the master problem. These constraints are from infeasible Bender's cut of sub-problem. In iteration procedure, infeasible Bender's cut from sub-problem is only based on the worst situation of the last master problem. The change of worst load shedding must not be monotonous, but it follows a downward trend as shown in Fig. 3, 4 and 5. The algorithm of single type contingency constrained CGTEP above did not use primal constraints in the iteration procedure. The computational problems about composite contingencies are specially discussed in next subsection. 
D. COMPUTATIONAL PROBLEM OF COMPOSITE CONTINGENCIES
In Table 4 , the computational time of 'All 1' and 'All 2' is comparatively high because of multi-sub-problem computation of combinational contingencies. 'All 2' case with load uncertainty and N-2(0%) and N-3(6%) contingency takes almost one hour to get the global optimal solution. In order to reduce the iteration times and accelerate the convergence, the primal constraints, and valid Benders cut can add into the master problem together, as proposed in subsection 3.2. However, although variable and constraint of master problem increase, the total time of the approach of adding primal constraints reduces because the computational time of the sub-problem is far more than that of the master problem. Table 5 provides the comparison of computational time. In Table 5 , the first column refers to the case with a VOLUME 5, 2017 different algorithm. 'All 1-p' and 'All 2-p' use the approach of adding primal constraints. 'All 1' and 'All 2' use only valid infeasibility Benders' cut.
It can be observed from Table 5 that the consumption time of sub-problem and the number of iterations decrease, and the consumption time of master problem increases in 'All 1-p' and 'All 2-p'. Finally, the total consumption time decreases due to dominant sub-problem consumption time. Nevertheless, security standard has a very important effects on the solution time. The consumption time of 'All 2' with N-2(0%) is far more than that of 'All 1' with N-2(3%). It is important to note that the issue avbout the computational order of many sub-problems in Benders' decomposition or composite contingencies, e.g. N-2(0%) and N-3(6%). All sub-problems of composite contingency should be simultaneously calculated and verified together at each iteration. If the composite contingency is successively handled, the result of expansion planning may not satisfy the security standard handled former. Owing to the limited space of paper, only 'All 2-p' case is considered, and the iteration procedure is shown in Table 6 and Table 7 . Table 6 presents the iteration procedure when N-2 and N-3(6%) contingencies are simultaneously handled and verified. In Table 6 , the second and third columns provide the values of the worst load shedding of N-2 and N-3(6%) at each iteration. Table 7 presents the iteration procedure when N-2 and N-3(6%) contingencies are successively handled.
Note that N-2(0%) uses the approach of adding primal constraints in Table 7 , so the number of iteration is two less than that of 'N-2(0%)' case in the last subsection.
In Table 6 , the expansion results of the seventh and eighth iterations satisfy N-2(0%) security standard and the results of the ninth iteration also meet N-3(6%) security standard. So the expansion results of 'All 2-p' will be the ones of the ninth iteration if N-2 and N-3(6%) are successively handled as shown in Table 7 . The expansion lines of the ninth iteration are line 2-4, 2-6, 3-9, 5-10, 6-10, 7-8, 11-14, 14-16, 16-19, sum up to 9; expansion units do not change, and its total cost is 752.294 M$. The expansion results of the ninth iteration in Table 6 or the last iteration in Table 7 meet N-3(6%) security standard, but it does not satisfy N-2(0%) security standard, which results in the worst load shedding of 82 MW. By Bender's decomposition theory [20] , Benders' cuts are not equivalent to sub-problem and the infeasibility Benders' cuts must be weaker or more relaxed than the sub-problem. The numerical results of Table 6 and Table 7 provide useful information about the algorithm structure design of Benders' decomposition with many sub-problems. Composite contingencies must be simultaneously validated and handled at each iteration.
V. CONCLUSION
The uncertainties in predicted load demand and N-K contingency are conventionally considered by heuristic and separate way in CGTEP. The paper proposed a novel and stringent CGTEP model with these uncertainties, especially composite contingency. Mathematical methods with Bender's decomposition and strong duality theory were successfully employed to the CGTEPULC model solution. Detail numerical results illustrated that the approach can attain the optimal solution in few iterations. Finally, the significance of handling simultaneously composite contingencies, e g. N-2 and N-3(6%), was verified.
The model of CGTEP with uncertainties in load and N-K contingency is very valuable for expansion planning because the N-K contingency is widely used in practice power system. The ordinary mathematical solution is very difficult for CGTEPULC. In section 4, the scheme of expansion planning can meet N-K contingency with interval load by some iterations. Bender's decomposition with infeasible Bender's cut is an effective method. Further, the method also solves the composite contingencies problem as shown in subsection 4.3.3. Note that each sub-problem with worst load shedding needs to be verified at each iteration.
To focus on N-K contingency with interval load, the expansion planning model of this paper is simplified, for example, DC power flow, generation scheduling or unit commitment, and so on. In future, we will implement CGTEP considering AC power flow, detail generation re-dispatch after contingency, renewable energy, and short circuit current, etc. Further, the coordination of generation and transmission under power market is important to CGTEP [2] , and will be considered in future work.
